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Abstrat

The additivity of lassial probabilities is only the �rst in a

hierarhy of possible sum-rules, eah of whih implies its sues-

sor. The �rst and most restritive sum-rule of the hierarhy yields

measure-theory in the Kolmogorov sense, whih physially is appro-

priate for the desription of stohasti proesses suh as Brownian

motion. The next weaker sum-rule de�nes a generalized measure

theory whih inludes quantum mehanis as a speial ase. The

fat that quantum probabilities an be expressed \as the squares

of quantum amplitudes" is thus derived in a natural manner, and

a series of natural generalizations of the quantum formalism is de-

lineated. Conversely, the mathematial sense in whih lassial

physis is a speial ase of quantum physis is lari�ed. The present

paper presents these relationships in the ontext of a \realisti" in-

terpretation of quantum mehanis.

An attitude toward Quantum Mehanis whih is suitable for quantum gravity

in general, and for its appliation to osmology in partiular, is not so easy to �nd.

Understanding the early universe requires us to reason about a time in the distant

past in whih observers in the ordinary sense of the word an hardly have been

present. For suh a situation, a philosophially \realisti" attitude toward quantum

mehanis would seem to be more e�etive than one based on operators whih must

?
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�nd their physial meaning in terms of \measurements". If the reality in question

is taken to be something with a \spaetime" harater (suh as a Lorentzian 4-

geometry, or some more fundamental disrete struture like a ausal set)

y

, then

the simplest desription of its dynamis will be diretly in terms of probabilities

of spaetime alternatives, rather than indiretly in terms of operators and Hilbert

spaes. For this reason, the mathematis of the \sum-over-histories" is more akin to

measure theory than to (say) lattie theory or the theory of W

�

-algebras. Quantum

dynamis in suh a formulation appears as a kind of generalization of the theory of

stohasti proesses, rather than (diretly) of lassial mehanis.

To an untutored mind, however, the formal rules of the path-integral sheme,

ould seem unnatural and ontrived. Why are probabilities squares of amplitudes;

why are they expressed most naturally in terms of pairs of paths rather than indi-

vidual paths? (f. [3℄ [4℄ [5℄ [6℄) We will see that a possible answer to this question

emerges if one plaes quantum mehanis in a still more general ontext by asking

whether quantum probabilities preserve any of the additivity of lassial ones. Let

us begin by onsidering, not the ubiquitous two-slit di�ration experiment, but a

generalization whih I will all the three-slit experiment.

The three-slit experiment

Imagine an experiment in whih an eletron (say) passes through any one of

three slits and impinges on an array of detetors. Imagine that you reord the

di�ration pattern with all three slits open, and then repeat the proedure with

some of the slits bloked o�. In all, you an obtain in this way a total of eight

di�ration patterns. Now superimpose the eight patterns, using a plus sign when

an odd number (3 or 1) of the slits were open, and a minus sign when an even

y

Quantum gravity seems to demand a \spaetime approah" for more than one rea-

son, inluding the need to inorporate topology-hange [1℄, and the evident impos-

sibility of making sense of ontinuous Hamiltonian evolution for a disrete struture

suh as a ausal set (for the latter see e.g. [2℄).
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number (2 or 0) were open. What will be the result? Remarkably, you will always

get zero, as an be straightforwardly demonstrated. Were the eletron a lassial

partile, you would also get zero, sine eah of the three slits would ontribute

twie with a positive sign and twie with a negative one. In this sense, quantum

randomness preserves something of the lassial additivity of probabilities.

One an go further and imagine di�ration experiments with four or more slits.

For eah ase beyond two slits the analogous superposition will again yield zero, but

it turns out that these subsequent relations yield nothing new, eah of them being

logially ontained in the three slit relation. I will desribe this hierarhy of sum-

rules more arefully below, but �rst I want to sketh the interpretive framework in

whih I would propose to situate them.

\Quantum materialism" and the quantum measure

In aord with the above introdutory remarks, we do not want to base the

interpretation of the generalized probabilities we will be dealing with on some un-

de�ned onept of \measurements made by human observers". Instead I would

propose a framework in whih the ontology or \kinematis" and the dynamis or

\laws of motion" are as sharply separated

[

from eah other as they are in lassial

physis (see [5℄ [4℄ [7℄). In fat I will take the attitude that the ontology of quantum

mehanis is idential to that of lassial realism (in a spaetime mode), aording

to whih the world is a single \history". How this \history" is atually strutured is

for siene to �nd out, and the hosen kinematis has varied from theory to theory.

Aording to the hoie one has made, the world might be desribed as a olle-

tion of world lines, a spaetime-geometry (= di�eomorphism equivalene lass of

Lorentzian metris), a ausal set, or something else. But in any ase, all meaningful

statements of fat an by assumption be redued to assertions about this one existing

[

a separation whih, presumably, must be overome by the further development

of physial theory.
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history. Notions suh as state-vetors and observables never appear, exept for the

sake of omputational onveniene.

?

Where quantum theory di�ers from lassial mehanis (in this view) is in its

dynamis, whih of ourse is stohasti rather than deterministi. As suh, the

theory funtions by furnishing probabilities for sets of histories. More formally, it

assoiates to a set A of histories a non-negative real number jAj, whih I will all

its quantum measure jAj; and it is this measure that enters into the sum-rules we

will be onerned with.

In the two-slit experiment, for example, the probability that a partiular de-

tetor will register the arrival of the eletron is (proportional to) the measure jCj of

the set C of all eletron world lines whih in fat pass lose enough to that detetor

to trigger it. When we ontemplate also bloking o� one or the other slit, there are

(for a �xed detetor) three sets of histories to onsider: the set A of histories whih

arrive at the detetor after traversing the \�rst" slit, the orresponding set B for

the \seond" slit, and the original set C = AqB, the disjoint

y

union of A and B.

It is of ourse harateristi of quantum probability that the interferene term

I(A;B) := jAqBj � jAj � jBj

between the slits is not zero. The surprising thing (one one has gotten used to the

fat of interferene itself) is that this violation of the lassial probability sum-rules

is in a ertain sense so mild, sine the orresponding sum-rule for three alternatives

remains valid.

?

The aount just given leaves open the question whether the history should be

thought of as existing \timelessly" like a painting, with the entire future already

laid out, or as a developing, inomplete thing whih \grows at its tips like a tree". I

personally believe the latter, but nothing in the disussion whih follows will require

that a hoie be made.

y

ignoring the possibility that the eletron's trajetory winds around in suh a

manner as to go through both slits.
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In any ase, the important thing from the standpoint of interpretation is that

the eletron follows one and only one path, not somehow two at one. If probabilities

are involved, it is only beause the path is not determined in advane, just as it is

initially undetermined in a lassial stohasti proess.

Given the failure of the sum rule I(A;B) = 0, it is lear that quantum prob-

abilities annot be interpreted in the same manner that lassial ones are wont to

be interpreted, in terms of (atual or �titious) ensemble frequenies. How they

should be interpreted is a question to whih I will return briey below, and more

at length in another plae [8℄. Here, my main purpose is to disuss the sum-rules

themselves.

Quantum measure theory and its generalizations

What ordinarily makes it diÆult to regard quantum mehanis as in essene a

modi�ed form of probability theory, is the peuliar fat that it works with omplex

\amplitudes" rather than diretly with probabilities, the former being more like

square roots of the latter. To put this peuliarity in ontext, onsider the following

series of symmetri set-funtions, whih generalize the interferene term I(A;B)

introdued above. (Notie that all the sets A, B, C � � �whih our here are mutually

disjoint.)

I

1

(A) � jAj

I

2

(A;B) � jAqBj � jAj � jBj

I

3

(A;B;C) � jAqB q Cj � jAqBj � jB q Cj � jAqCj+ jAj+ jBj+ jCj;

or in general,

I

n

(A

1

; A

2

; � � � ; A

n

) � jA

1

qA

2

q � � �A

n

j

�

X

j(n� 1)setsj+

X

j(n� 2)setsj � � �

�

n

X

j=1

jA

j

j (1)
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These expressions are related sequentially in a simple manner expressed by the

following lemma, whose straightforward indutive proof will be given elsewhere.

Lemma I

n+1

(A

0

; A

1

; A

2

; � � � ; A

n

) = I

n

(A

0

qA

1

; A

2

; � � � ; A

n

)�I

n

(A

0

; A

2

; � � � ; A

n

)�

I

n

(A

1

; A

2

; � � � ; A

n

)

For eah n one obtains a possible sum-rule by setting I

n

to zero. It is an

immediate onsequene of the lemma that the n

th

suh sum-rule entails the (n+1)

st

.

Hene the sum-rules form a hierarhy of ever dereasing strength. The �rst sum-rule

in the hierarhy, I

1

= 0, trivializes the measure and is therefore uninteresting. The

seond expresses preisely the additivity of lassial measure theory, or equivalently

the additivity of lassial probabilities, when they are regarded as set-measures in

the Kolmogorov manner. Aordingly, the third sum-rule, I

3

(A;B;C) � 0, de�nes a

generalization of measure theory whih preserves most, but not all, of the additivity

of lassial probabilities. This is the level of quantum measure theory. The fourth

and higher sum-rules de�ne still more general forms of measure theory, whih may

be regarded as natural extensions of quantum mehanis.

A seond immediate onsequene of the lemma is the fat that I

n+1

vanishes

if and only if I

n

is \additive" in eah argument, given the mutual disjointness of

all its arguments. Thus eah sum-rule is assoiated with a kind of multilinear-

ity (really multi-additivity) of the funtion whih measures the failure of the next

stronger sum-rule to hold. At the quantum level, spei�ally, we learn that I

2

is

bi-additive, and we will see that the peuliar quadrati relationship between quan-

tum amplitudes and probabilities orresponds diretly to this feature of I

2

. In the

next generalization beyond the quantum level, tri-additivity would take the plae

of bi-additivity and (insofar as something like a quantum state-spae were relevant

at all) some sort of trilinear form assoiated to I

3

would presumably replae the

familiar inner produt of quantum Hilbert spae. In what follows, however we will

limit ourselves to the quantum ase as de�ned by the n = 3 sum-rule,

jAqB q Cj � jAqBj � jB qCj � jAq Cj+ jAj+ jBj+ jCj = 0: (2)
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Given this sum-rule, we an, as just pointed out, onlude immediately from

the lemma that I

2

is bi-additive in the sense that

I(AqB;C) = I(A;C) + I(B;C); (3)

whenever A, B and C are mutually disjoint. (Heneforth, I will usually omit the

subsript `2' from `I

2

'.) Full bi-additivity of I, however would require this same

equality even when C overlaps A or B, a situation in whih I has not even been

de�ned. This raises the obvious question whether we an extend the de�nition of

I(A;B) to general arguments in suh a way as to preserve its bi-additivity.

Supposing suh an extension to have been made, onsider the ombination

I(AqB;AqB). Expanding it out via bi-additivity and rearranging, we �nd that,

for disjoint subsets A and B,

2 I(A;B) = I(AqB;AqB)� I(A;A)� I(B;B);

whih, on omparison with the de�ning equation for I

2

, strongly suggests the iden-

ti�ation

I(X;X) = 2 jXj: (4)

If we adopt this as the value of I on equal arguments, then its value for arbitrary ar-

guments is ompletely determined by bi-additivity; and a short omputation whih

will appear elsewhere on�rms that the resulting de�nition of I(A;B) is self onsis-

tent. The end result is that I an be expressed in terms of the quantum measure

j � j in several equivalent forms, of whih two are the following.

I(A;B) = jA [ Bj+ jA \ Bj � jAnBj � jBnAj; (5)

I(A;B) = jA�Bj+ jAj+ jBj � 2 jAnBj � 2 jBnAj:

(In these equations the symbol `n' denotes set-theoreti di�erene and `�' denotes

symmetri di�erene.)
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We thus onlude that any generalized measure obeying the quantum sum rule

(2) an be expressed in the form jXj = I(X;X)=2, where I is the bi-additive, real-

valued set funtion of (5). Conversely, we ould begin with suh a set-funtion

whose diagonal values are all non-negative, and use it to de�ne a quantum measure

j � j obeying the sum rule (2). This is what is normally done, with I taken to be

what referene [9℄ would all (twie the real part of) the \deoherene funtional".

The postulate that quantum probabilities should be derived from suh a bi-additive

funtion an thus be replaed by the assumption that they obey the fundamental

sum-rule (2).

For ompleteness, let me onlude this setion by skething the way that

the ordinary non-relativisti quantum mehanis of point partiles �ts into this

framework [4℄. Also, sine none of our disussion has attempted to address the

measure-theoreti tehnialities assoiated with ontinuous spaes of histories, let

me pretend that the set of all possible partile paths has �nite ardinality. Then

the measure of any set A = fx; y; � � � ; zg of paths an be formally expressed as

jAj = \(1=2)I(x+y+ � � � z; x+y+ � � � z)", whih is to be evaluated by expanding out

the sums via bilinearity and interpreting I(x; y) as I(fxg; fyg). To omplete the on-

strution we must take I(x; y) to be essentially e

�iS(x)

e

iS(y)

+(omplex onjugate),

where S(x) is the Ation of the path x.

Atually the true expression is somewhat more ompliated than this, and

requires the introdution of a \trunation time" T lying to the future of the span of

time to whih the properties de�ning A refer [4℄. The atual rule then involves paths

trunated to time T , and the expression for I(x; y) aquires a delta-funtion whih

\ties together" the �nal endpoints of the trunated paths. With the onvention

that x and y now represent suh trunated paths, jAj is given �nally as the sum

over all x and y belonging to A of the expression,

I(x; y) = Æ(x(T ); y(T )) e

�iS(x)

e

iS(y)

+ (omplex onjugate):
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The import of this rule an also be rendered by the statement that the measure jAj

of a set of trajetories is the norm-squared of the wave funtion whih is produed

at time T by restriting the path-sum to the set of paths belonging to A. This last

statement is reognizably the standard quantum probability rule, as expressed in

sum-over-histories language.

Final remarks on interpretation and some open questions

Although we have sueeded in traing the main traits of the quantum formal-

ism to the fundamental sum-rule (2) for the quantum measure, we have only raised,

without settling, the question of how this measure or \quantum probability" is to

be interpreted physially. That question entrains far too many issues for a short

manusript to deal with, but the present paper would be inomplete without at

least some indiation of an answer.

With a frequeny interpretation of the measure unavailable, it is natural to

adopt the attitude that loates the preditive ontent of a (lassial or quantum)

probabilisti theory in the assertion that events of suÆiently small measure, for all

pratial purposes, do not our at all: they are preluded events in the language

of [10℄. The meaning of the measure, then, would be that the true history will

not (or \almost never") belong to a preluded set A. The trouble with this rule is

that, if used without the requisite tat, it leads to mutually oniting preditions.

In Feynman's well-known exposition of the two-slit experiment, for example, the

partition of the histories whih properly omes into play depends on what question

we are asking, and not all questions an be simultaneously valid. Here, asking

a question is not something \mental", but something \material" like putting a

detetor in plae, and paradox is avoided beause the questions leading to oniting

prelusions are not all realizable within a single experiment.

However satisfatory suh a resolution might be for most pratial purposes,

it threatens to bring bak the same subjetivity and human-enteredness whih

all along we have been at pains to rejet. We an retain objetivity, I believe,
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by abstrating from the idea of measurement the idea of orrelation, and limiting

the appliation of prelusion to situations where an appropriate type of orrelation

ours. Briey, the idea is that, when variables pertaining to spaelike-separated

regions beome orrelated (in the sense that the orrelation-breaking possibilities

orrespond to sets of histories of small or zero measure), then the failure of the

orrelation is preluded. (For example, if one of a pair of eletrons with anti-

orrelated spins traverses the \�

z

= +1" beam of a Stern-Gerlah analyzer, then

the other must traverse the \�

z

= �1" beam of its analyzer, assuming these events

are spaelike separated.) Moreover, we predit in suh a situation that, if one of

the orrelated possibilities P is itself of negligible measure, then it also is preluded

(i.e. we predit that the true history almost ertainly does not belong to P ). Notie

that these preditions are statements about the history itself, not just about \what

we would �nd if we observed the variables in question".

The double preditive priniple just enuniated seems to suÆe for using quan-

tum mehanis in the way we use it, without leading to any obvious ontraditions.

Unfortunately it does lead to some unobvious ontraditions, but all those that I

know of an be exluded by a small re�nement of the preditive sheme. The re�ne-

ment in question, and further details of the resulting presription will be disussed

in another plae [8℄. Here there is spae only to raise a few further questions whih

are naturally suggested by the preeding development.

The �rst question is whether some further axiom of general validity an or

should be added to our basi sum-rule (2). It is a feature of standard quantum

mehanis (and also of lassial probability theory) that the measure of a set of

histories A is unaltered when a disjoint set of measure zero is adjoined to it; in

partiular the union of two disjoint sets of measure zero will also have zero measure.

Sine this property is natural, and turns out to be important for the analysis of

referene [8℄, it appears reasonable to adopt it as a further ondition on the measure

j � j. (For a related proposal in the language of \deoherene" see [11℄.)
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A seond question is whether there is a sense in whih a proess governed by

quantum measure theory an be alled Markovian. With the idea of amplitude

not taken for granted, it is not obvious that the answer is yes, but if it is, then it

would be interesting to �nd neessary and suÆient onditions in terms of I(�; �)

for a quantum measure to be Markovian. Suh onditions ought to larify what

makes ordinary quantum mehanis speial among possible solutions of (2), and

might suggest novel generalizations of Hamiltonian evolution as well.

A third question is whether the introdution of the \trunation time" T in the

previous setion was really needed. In the lassial theory of stohasti proesses,

suh a trunation of the histories is unneessary, and the similarity of that theory to

the present formulation o�ers hope of avoiding it in \quantum stohasti mehanis"

as well. Suess in this ould be ruial for quantum gravity, whih laks any

bakground time with respet to whih trunation ould be arried out (see however

[4℄).

The asking of these last two questions highlights the fat that not all of the

somewhat elaborate details of the onstrution of I(A;B) in the previous setion

are inluded in the simple sum-rule (2). Some of them are related instead to the

Markovian harater of non-relativisti quantum mehanis, and beyond that, to the

unitary evolution it embodies. However, non-unitary and non-Markovian evolution

is the rule in open systems (e.g. systems oupled to \reservoirs"), so that the

greater generality of what we have here alled \quantum measure theory" already

has important appliation. Moreover, it appears unlikely that unitarity will have

fundamental meaning for quantum gravity, and one may suspet that something at

least as general as full quantum measure theory will be needed for that theory, if

not some still more general dynamial framework, perhaps orresponding to one of

the higher sum rules desribed in this paper.

Finally, let us return for a moment to the three-slit experiment with whih we

began. If some more general form of dynamis than quantum mehanis is at work
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in nature, it should show itself in a failure of the sum rule (2) for whih the three-slit

disussion is a prototype. Thus, any situation in whih three distint alternatives

an interfere o�ers a potential \null test" of the validity of quantum mehanis. It

might be worthwhile looking for experimentally realizable situations of this type

where, unlike with ordinary di�ration, the satisfation of the test is not already a

foregone onlusion.

In onlusion, I would like to thank the partiipants in the Syrause Relativity

Tea for stimulating omments on these topis, and R.B. Salgado in partiular for

suggesting the most appropriate formulation of the lemma utilized above. This
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[11℄ Isham, C.J., \Quantum Logi and the Histories Approah to Quantum Theory",

Imperial College Preprint: Imperial/TP/92-93/39, (gr-q/9308006)

13


